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The Complex Potential in 2-D

The complex field, B(z) = B (x, y) t i B,(x, ) 1s given by:

n—1
B(z) = B, (x,y) +iB,(x,y) = ) [ C(n)exp( "'”O‘”)](Rz )
— ref

which 1s an analytic function of the complex variable
z =x +iy. Accordingly, we define a Complex Potential
W(z) such that:

dW (z)
dz

B(z)= -

It can be shown that the real and imaginary parts of this
complex potential are nothing but the vector and the scalar
potentials respectively.
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Complex, Vector & Scalar Potentials

W(z)=W.(x,y)+iW;(x,y) (Complex Potential)

dW(z) _dW(z) dz _ (B, in)'l_(aWj"'(aWj
dx dz dx Ox

o(52)= (5 (G)=n ( J
0x Y Ox Ox
dy dz dy

)25 (””‘J'- '( J
Oy Oy Oy
Re[W(z)] = A, (Vector Potential)
Im[W(z)] = P, (Scalar Potential)
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Current Filament at Origin

From Ampere’s law: o
B =pgH = Kol 5

2T

. I .
By =B, cosB—Bgsin0 = ~Hol Ging

2T
By, =B, sin9+890059:§—%0059
B(z)= B, +iB, =— 0L -HoL
21r.exp(iB) 21Z

W(z) = —jB(z)dz = —(g—(ﬁ) In( z) + constant

— _( “20[j[1n( r)+i0]+constant = 4, +iP
Tt
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Current Filament at Arbitrary Point

Current filament located at

a=aexp(ip)=a, tia,

_ - _ Mol
B(z') =B, +iB =

B(z)=B, +iB, = By +iBy

:(Uolj:( Hol ]
2T 2Tz —a)

y A Y'
P
‘& |y'ay
W : v
B, |? S

W(z)= —IB(z)dz = —(g—(ﬁj In(z — a) + const.

2TT

— _tu_o]j[ln(r') +70'] + const. = A +iP,,
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Uniform Cylindrical Current Shell

Choose: z'= aexp(i¢) Y

(]2

_(Ho ) 1 dz’
aB(z) = (2n)(2mj{z'(z - z')}
dz' [ d7 }
4 72—z

o[

B;;,(z2) =0 (|z|<a)| Field is zero at points inside the shell.

B,,(z) = (s—géj
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For points outside, the current shell
behaves as a filament located at the
center of the shell.
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Uniform Solid Cylindrical Conductor

Take a cylindrical shell element of radius ¢ v

dl = J.21éd¢; where J = Lz
Ta

For any point, P, inside the cylinder:

” _ HOJI/'Z
e[
0

ooy = [ Hod 4 || Not an analytic
Bin(2) ( 2 jz function of 2

Bl'n (Z) = (HZJ

2

B, (z)= (“_0[) :(UOJJ a Analytic function of g for
- 2Ty 2 )| z )||points outside the cylinder
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Overlapping Cylinders: Pure Dipole

Consider two overlapping solid cylinders carrying
equal and opposite current densities.

YA

For any point, z, , inside

in3

the current free region:

X0 . X0

zlzzin+2> zZZZin_7 +J

B(z;,) = (%j(a - zz)

B(z;,) = (HO;XO j = Constant

This represents a pure Dipole Field in the "aperture”
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Conductor of Arbitrary Cross Section

At any point inside the conductor: A
0B, Y

_ _[ 9By | _
(DXB)Z _[g) (ay j—HOJz(X»J/)

0B
1B = (aﬁj +| Y | = 0
Ox oy
For constant current density, J (x,y)=J,

ot Can be shown to
F(z)=B(z) ‘(sz* be an analytic >
function of z

B(z) = Ko/ 5 (z —2)*dz’ Integral Formula for
4T 7 -z Field at any point

This formula allows computation of the field by integrating
along only the boundary of the conductor, instead of the

entire volume
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Derivation of Integral Formula

Field at point P due to a triangular dz', 7' 7'z = r @xp(i()
wedge PAB is given by: : Area
r ABGH + CDEF
) qud(pJ 0dp = PAB— PCD
dB(z) =—
(2) ( - j Dexp(iQ) + PEF — PGH

J
- —(“OJ jrexp(-ztp) = —(—“O j(z’ - 2)*dg
2T 2Tt

2 —z=rexp(iq); dz /(z'—z)=(dr/r)+idq

1 dz' dz *
=y | 75
20)\2 -2 z7*—z

The total field due to the entire conductor 1s then: z %
r_ % ' , . '
B(z) = (M), { < ,Z) - fﬁdz’*} = (HOJ .jl- (z ’z) dz

Reference: R.A. Beth, J. Appl. Phys. 40(12), 4782-6 (1969)
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Solid Elliptical Cross Section Conductor

Y

o
N

The integral formula gives 1n this case:

B;,(z) = (;i‘;) [bx —iay]

B,,:(2) = (

Mo/

2ab

2

J

+y2d (a2 -bY)

For b = a, these reduce to the expressions for a circular cross section.

Reference: R.A. Beth, J. Appl. Phys. 38(12), 4689-92 (1967)
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Overlapping Ellipses: Pure Dipole

Consider two overlapping ellipses carrying equal and

opposite current densities.

For any point, z, , inside

in3

the current free region:

Mo/
B(z7. )=
(Zin) (a+b) 5
- b(x - %Oj +iay
B(z;,) = Ho /b constant
(a+Db)

{b(ﬂx_oj_iay / C
N

X

o
g

This represents a pure Dipole Field in the "aperture”
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Overlapping Ellipses: Pure Quadrupole

Consider two overlapping ellipses carrying equal and

opposite current densities, as shown. Y.,
For any point, g, , inside
the current free region: ;
_— HO‘] . . >
B(z;,)= —bx +iay+ax—ib O
( m) (Cl +b)[ % y] : X
I
I
_H,J(a-b) . |
B(z;,) == (x +iy) |
(CZ + b) l< a > +J
_HyJ(a—b) _HJ(a—Db)
B = ; Bo(2)=
»(2) @+ (2) @b

This represents a pure Quadrupole Field in the "aperture”
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Conductor of Polygonal Cross Section
<

(MoJ ). [LZ*F—z*

B(z)_(%njlﬂg 22 *

(Ho«fj Z[ (2)

* *
1 [ * i+l < Zi+]1 — <
[:(z)=i (z-—z*)+ J J (z—z-) In| —Z ;g% ziand 2774
J J _ J _ J J
S+l T4 <jT%

Use [;(z)=01f z=z;; or it 2=z,

Cross sectional area, 4, 1s given by: |4 = —Z(X Vi T X Y))
j=1
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Harmonic Expansion:Current Filament

For any point, P, inside circle of radius a: YA "Outside" Region
(r>a)
_[ Mol -1 \

B =| 2OZ |, - ,

in(2) (21_[)(5 a) I’\I‘ ;
= —( Ho”_ j{l —(ﬁj exp{i(e—cp)}}
2T exp(i) a

"Inside" Region

S c n—1 Binomial
1=% _;E Expansion

-1

n—l n—l1 n—1
= Rre “ .
B;,(2) = —(%j >, eXp(—incp)( af j { . ] = (8, +lAn)[ Rz j

n=1 R’”ef n=1 ref

n-1 n-1 2

- _ Kol Rref , _ ol Rref : n=1is
o (ZWJ'( a j costnd); 4y (2m)'( a sin(n@) Dipole
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Series Expansion for Outside Region

For any point, P, outside circle of radius a:

(Mol ), _ 'Z S
B, (2) —( o j(z a) Out51ge>%§g10n p
-1
_ Kol _[a Lo
_(ZT[rexp(iG)j{l (rjexp{z((p 9)}1 f
ol — - n Blnomlal \ S
(179 _1+;E Expansion

"Inside" Region
(r <a)

=221+ e (2

Lol
Bou(2) D I T (ﬁ] (As expected for a current filament)
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Pure 2m-pole Field: Cos(#0) Distribution

For any point, P, inside the current shell:

2T
00 n—1
By (2) = —(MMZ@ exp(—in@) cos(m@)dg
2T —\a
0
27T 2Tt
j cos(n@) cos(m@)de=T119,,,,; j sin(n@) cos(m@)d@=0
0 0
B, (7)=— Holo K ] Pure 2m-po|e
LA Y | Field
23_'[_ _
(8000 ) | |1+ S expinof &) _
By (2) —( 2T[zj 1+;e p(lmp)(zj cos(m@)de (

0
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Falls of f
ulo Y a Y™ outside
%ﬂ@ as

1/,,. m+1
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Current Filament Inside

Cylindrical Cavity in Infinite Ig;on Yoke

The effect of 1ron yoke on the field inside
can be described by an image current.

o
The location and strength of the Ryoke| o7
image current 1s given by: 0 \
5 X
R -1
ar — yoke , [r = (“I" j[, (ﬂ — (p '
a r +1 2 u=u _Hq

The 2n-pole harmonic 1s given by:

R n—1 2n
B, +id, = - Mo/ ref 1+ My~ 1 ¢ .exp(—in@)
2T a M. +1 Ryoke
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Current Filament Inside Cylindrical Shell

The general expansion of the vector
potential in each of the four regions 1s:

A (r,8) = D, h{ﬂ + ;Dn Gj cos{n(0-@)}

+ZEnr” cos{n(8-@)}
n=l

Boundary Conditions:

(a) The field components (derivatives of 4)) are finite everywhere.

(b) The radial component, B, 1s continuous at r =a; r = R, & r =R,

(¢) The azimuthal component, H,, 1s continuous atr =R, & atr =R,
[H = B,/(1y,) in region Il and = B,/ 4, elsewhere. ]
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Current Filament Inside Cylindrical Shell

In Region I, which 1s of most interest:

00 n—1
B,(r,0)= —( ;‘_?[ij Z (gj
n=1
U 7 00 . n—1
Bo(r-9)= ‘[zﬁaj 2 H
n=1
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a

1+(_

R

=1

{1-(r/R,)"]

I

H+1

J{l

() |

{ 1= (R /R, )2n}

cos{n(6-@}

() |

{1 ~ (R /R, )2n}

19

() |

sin{n(9- @)}

cos{n(6- @)}
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Field on the Axis of a Ring Current

P(0,0,2) |

B.(0,0,2)=0; B,(0,0,2z)=0

A0,0,7)= ol g

4T | |r —r‘

B(0,0,2) = Uol | (r'—r) ><3d£
4 r=r]

r'—r=(acos@)x +(asing)p -2z
de = (- asin@)x +(acos@)y

F=r|= \/Clz + 2z =Constant

a

B.(0,0,7) = Ho

2

21T

411 (az +Zz

g |o0=4 )
0
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Field from a Ring Current: Off-Axis

I’
’
I'
’

¢"
.

P(p,0,2)

&

]K(k) —E(k)

A(r) = 44(p,2) 8

T/ 2

dob
K(k):J —
O\/l—k sin“ 0

Tt/ 2

E(k)= J\/l—kz sin” 8 0

0
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Field from a Ring Current: Off-Axis

4ap 9
! P(0.08.z k? = (K2 <)
Z s S s (a+p)* +2°

U/ 2

dob
K(k):J 2 .2
0\/1—k sin“ O

Elliptic
/2 Integrals
E(k)= J\/l—kzsinzede
1/2 o) 0
_Hol[a k
A =——| — 1-— |K(k)-E(k
8 (P,2) kn(p] {[ zj (k) ()}
2,2, .2

By (p,z) = Kol (Zj 1 — {—K(k)+ ¢ +p2+22 E(k)} Care needed
2\ p -[(a+p)2 + 52 (a=p)~ +z to calculate

A, and B, for
2 2 2 0 P
2TT -[(a+p)2 +Z2
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Field from a Ring Current: Near-Axis

4ap
k2: -0
b P82 @rop 7
s S
' /2
K(k):J a9 :E{l ﬁ+£+..1
O\/l—k2sin26 2 4 64

T2

ml o k* 3kt
E(k)= J\/l—kzsinze de=3{1-—-—+--}

4 64
0
1/2] ) l 2
Ao (p,7) = “0[(“j {l—k_JK(k)—E(k) afuls! (“Olj L
kT P ] 2 | P- 4 —[(a+p)2+22
2
Bp(p,Z):—(dAeijDE-IG (3”01) 4 Pz —
dz 4 -[(a+p)2 + 2

1 d

B.(p.2) =——{pdp) 0 1 (“"I )
p dp =

: jI(a o2+ Ja-pr+s]
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Field from a Solenoid

Field due to a solenoid can be
obtained by integrating the
field due to a thin ring.

The field components for
of f-axis points can be
reduced to a 1-dimensional
integral.

)
" . Y On-axis field can be obtained
B.(0,0,z) :(%j J =57 |in a closed form.
/ (a2 +(z-z )2
J —L/2 . . . .
a, On-axis field is purely axial

BZ(O,O,Z):(HEJJ (2 _ZJIH{CQ +Ja% +(L/2_Z)2 }+££+2jln{a2 +Ja% +(L/2+Z)2 }

2 a1+‘/a12+(L/2+z)2
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